
1. Introduction
1.1. Motivation

Landscape morphology and subsurface structure are strong predictors of runoff generation style and spatial dis-
tribution (Dunne, 1978). In humid climates, the infiltration capacity of undisturbed soil is high and overland 
flow due to exceedance of soil infiltration capacity is rare. When relief is relatively low and soils are relatively 
thin, runoff is most commonly generated by the expansion of variable source areas, which may generate overland 
flow where precipitation falls directly on saturated areas (Dunne & Black, 1970). In steeper landscapes with 
deep soils, water may be transmitted laterally through the subsurface at permeability contrasts, becoming surface 
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while also affecting the evolution of those properties over geologic time. However, the large disparity between 
their timescales has made it difficult to examine interdependent controls on emergent hydrogeomorphic 
properties, such as hillslope length, drainage density, and extent of surface saturation. In this study, we develop 
a new model coupling hydrology and landscape evolution to explore how runoff generation affects long-term 
catchment evolution, and analyze numerical results using a nondimensional scaling framework. We focus 
on hydrologic processes dominating in humid climates where storm runoff primarily arises from shallow 
subsurface flow and from precipitation on saturated areas. The model solves hydraulic groundwater equations 
to predict the water-table elevation given prescribed, constant groundwater recharge. Water in excess of the 
subsurface capacity for transport becomes overland flow, which generates shear stress on the surface and may 
detach and transport sediment. This affects the landscape form that in turn affects runoff generation. We show 
that (a) four dimensionless parameters describe the possible steady state landscapes that coevolve under steady 
recharge; (b) hillslope length increases with increasing transmissivity relative to the recharge rate; (c) three 
topographic metrics—steepness index, Laplacian curvature, and topographic index—together provide a basis 
for interpreting landscapes that have coevolved with runoff generated via shallow subsurface flow. Finally 
we discuss the possibilities and limitations for quantitative comparisons between the model results and real 
landscapes.

Plain Language Summary Watersheds store and release water in response to precipitation 
in complex ways that are strongly affected by topography and subsurface properties. However, over long 
timescales (thousands to millions of years), the flow of water plays a critical role in shaping these attributes 
through processes like erosion and subsurface weathering. Consequently, we expect many places have key links 
between their topographic form and hydrological properties. We present a new model to explore these effects, 
focusing on the feedbacks between surface erosion and runoff generation from seepage of shallow groundwater 
and precipitation on saturated areas. Runoff can detach sediment, changing the topography. Topographic slope 
is in turn a driving force of groundwater flow. By grouping the model parameters together, we develop a set of 
“knobs” that we can “turn” to explore the model output. We find that when the subsurface has greater capacity 
to transmit water (relative to the precipitation supplied), the spacing between stream channels is greater. The 
results illuminate key topographic properties of landscapes that evolve with shallow groundwater, though much 
work remains before we can adequately compare results from this type of model with data.
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runoff only when it reaches stream channels (Hewlett & Hibbert, 1967). Saturated areas (including wetted stream 
channels) emerge as the supply of water from upslope areas exceeds the conveyance capacity of water through the 
subsurface. This competition between upslope supply and downslope transport capacity links properties of the 
subsurface, such as transmissivity, to the runoff response of watersheds as a whole (O’Loughlin, 1981). Further-
more, overland flow generates shear stress on the land surface that may detach and transport sediment. This drives 
the evolution of topographic convergence/divergence and convexity/concavity, which are important controls on 
runoff generation themselves (Lapides et al., 2020; Prancevic & Kirchner, 2019; Troch et al., 2003). Research 
also suggests that incision and hillslope sediment transport play a role in setting the rate and extent of subsurface 
weathering by setting the rate at which fresh bedrock is supplied to the near surface (Gabet & Mudd, 2009; West 
et al., 2005). Weathering is in turn crucial for setting subsurface properties including porosity and hydraulic con-
ductivity that affect groundwater flow and storage capacity.

These feedbacks further suggest that there should be intimate links between runoff generation behavior and 
landscape morphology (Jefferson et al., 2010; Manga, 1996; Yoshida & Troch, 2016). The long timescales of 
geomorphic evolution limit our ability to study these relationships directly. An alternative approach is to exam-
ine signatures of these processes in observable landscape morphology. Topographic metrics including drainage 
density, channel steepness, curvature, and topographic (wetness) index have been essential in understanding 
hydrologic and geomorphic processes in the past. However, it is unclear how these metrics might encode aspects 
of the coevolution of landscape morphology and hydrological processes. If morphology affects and is affected 
by runoff generation, how might long-term evolution affect emergent topographic properties and the extent of 
surface saturation in a landscape? Here we will draw insights from a coupled hydrogeomorphic model in which 
we can examine the emergent features of landscapes evolved with known subsurface properties and runoff gen-
eration mechanisms.

1.2. Previous Representations of Runoff Generation in Landscape Evolution Models

Over geologic time, upland landscapes are shaped by the competition between incision by overland flow, grav-
itationally driven fluxes of sediment due to processes including biogenic disturbance and frost heaving, and 
baselevel change (Howard, 1994). While it is not possible to observe the evolution of landscapes at human times-
cales, numerical landscape evolution models (LEMs) have allowed researchers to make substantial progress in 
understanding how landscapes respond to dynamic forcings of tectonics, lithology, and climate (e.g., reviews by 
Bishop, 2007; Chen et al., 2014; Martin & Church, 2004; Pazzaglia, 2003; Pelletier, 2013; Temme et al., 2013; 
Valters, 2016). However, the treatment of hydrology in models that consider evolution over geologic time remains 
rudimentary.

Early LEMs treated runoff as the product of upslope area and an effective precipitation rate (Ahnert, 1976; Arm-
strong, 1976; Willgoose et al., 1991a), representing the time-averaged runoff from infiltration excess overland 
flow. In these models, all areas of the landscape generated surface runoff simultaneously, though all areas might 
not experience erosion due to the presence of thresholds for sediment detachment (Horton, 1945). The practice 
of using such runoff formulations in LEMs is still common today when hydrologic response is not central to 
the study, as models with minimal hydrologic dynamics can still effectively capture certain essential aspects of 
landscape form (e.g., Barnhart, Tucker, Doty, Glade, et al., 2020; Forte et al., 2016; Theodoratos et al., 2018). 
One of the first attempts to capture subsurface hydrology in a LEM was the model developed by Ijjász-Vásquez 
et al. (1992), in which precipitation was partitioned between surface and subsurface flow using a steady-state top-
ographic index criterion (Beven & Kirkby, 1979). The authors found that this partitioning significantly changed 
catchment hypsometry in comparison to the infiltration excess formulation. Tucker and Bras (1998) compared 
several different landscape evolution and runoff generation formulations, including one that treated subsurface 
transport capacity similarly to Ijjász-Vásquez et al. (1992). They found that the evolved landscapes have sharp 
hillslope-valley transitions at a critical value of topographic index. These transitions were smoothed by treating 
precipitation as a random process with an exponential distribution, rather than having a single value. However, 
the topographic index type models neglect the role of nonlinearities in groundwater flow, and antecedent con-
ditions that determine catchment runoff response to precipitation. We refer to flow nonlinearity as the degree to 
which groundwater flow is driven by diffusion due to gradients in aquifer thickness rather than kinematic wave 
motion in which flow is driven by the slope of permeability contrasts, which can have significant effects on runoff 
generation (Harman & Sivapalan, 2009). The steady-state assumption of the topographic index model assumes 
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that a storm event is effectively independent of prior events, and arrives with the full subsurface capacity available 
to drain flow. Many hydrological studies have shown that antecedent conditions are important controls on runoff 
magnitudes, where wetter systems are primed for larger runoff response due to lack of available subsurface stor-
age or transport capacity (Brocca et al., 2009; Tramblay et al., 2010).

Several studies have coupled landscape evolution with hydrological processes in greater detail. Huang and 
Niemann (2006) and Huang and Niemann (2008) developed a coupled groundwater model and LEM, and demon-
strated the importance of dynamic runoff generation mechanisms for the topographic evolution of different areas 
of modeled basins. Huang and Niemann (2006) focused on the evolution of a single well-studied catchment, and 
found that as they simulated its evolution from present, runoff was increasingly generated by subsurface lateral 
flow rather than saturation excess overland flow. Huang and Niemann (2008) explored the long-term geomorphic 
evolution of synthetic catchments with groundwater flow, and concluded that the hypsometry of steady-state 
landscapes was not generally distinguishable between surface water-dominated and groundwater-dominated land-
scapes. However, sensitivity of modeled topography to parameters was conducted by imposing changes directly 
onto the slope area relationship, rather than examining results of the coupled model, making it difficult to evalu-
ate the precise role of groundwater flow in long-term evolution. Zhang et al. (2016) presented a highly detailed, 
coupled hydrological model and LEM, though to our knowledge it has not been used beyond the initial proof of 
concept. With solutions to Richards equation for subsurface flow and St. Venant's equation for surface flow and 
employment of several dozen parameters, this model is computationally expensive and may be more complex 
than needed to explore process feedbacks between shallow subsurface hydrology and landscape evolution. A 
systematic approach is needed to understand these feedbacks. It must be simple enough for interpretation of 
process controls while still having the core elements of landscape evolution and dynamic runoff generation from 
the shallow subsurface.

1.3. Scaling and Dimensionless Landscape Morphology

The generation of surface runoff can be seen as the failure of the subsurface to drain precipitation inputs. The 
transmissivity of the subsurface (i.e., the hydraulic conductivity integrated over the permeable thickness) is a ma-
jor control on that drainage capacity, and so intuitively, the transmissivity should vary inversely with the degree 
of surface drainage dissection, as illustrated in Figure 1. Reducing the transmissivity increases partitioning of 
water into surface flow, which results fluvial incision closer to drainage divides (Carlston, 1963). This suggests 
that transmissivity controls some length scale embedded in the landscape morphology. In this paper, we aim to 
understand the nature of this control under idealized model assumptions.

Figure 1. Illustration of two landscapes showing hypothesized differences in morphology with subsurface transmissivity given same geologic and climatic setting. The 
lower transmissivity landscape (right) transports less water through the subsurface, and therefore has smaller subsurface contributing areas before flow emerges at the 
surface. The greater extent of surface flow results in greater dissection, as reflected in the development of a denser drainage network with lower-relief interfluves.
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Scaling and dimensional analysis offer a powerful systematic approach for investigating models described by 
partial differential equations. In general, this approach allows the governing equations to be expressed in a di-
mensionless form, fundamental length and time scales to be identified, and dimensionless parameters controlling 
the scale-independent qualitative characteristics of solutions to be obtained (Barenblatt, 1996). Studies of LEMs 
have used such analyses to great effect, uncovering the inherent scaling properties of simple LEMs (Bonetti 
et al., 2020; Perron et al., 2008; Theodoratos et al., 2018; Willgoose et al., 1991b). For example Theodoratos 
et al. (2018) developed a dimensionless form of a simple LEM with no dimensionless parameters in the main 
governing equation, suggesting that all solutions were simply rescaled versions of each other (up to differences 
in boundary and initial conditions). Bonetti et al. (2020) conducted a similar approach, but found that one dimen-
sionless parameter remained in the LEM. (Note: we resolve this apparent contradiction in Section 4).

However, these prior studies have not considered the role of subsurface properties or hydrology. We aim to use 
scaling and dimensional analysis to reveal how transmissivity controls these fundamental scales and morphologic 
characteristics. It will also reveal how the transmissivity interacts with scales controlled by other parameters, such 
as those that determine the curvature of ridge tops that do not experience runoff.

1.4. Approach

In this study, we develop and use a new groundwater-landscape evolution model to explore how subsurface-mediated 
runoff generation affects long-term catchment evolution. The model solves hydraulic groundwater equations to 
predict the water-table elevation given prescribed recharge. Water in excess of the subsurface flow capacity be-
comes overland flow, which may detach and transport sediment, altering topographic properties that in turn affect 
runoff generation. Our model can support recharge rates which vary in space and time, but here we constrain 
the scope and consider only steady, uniform recharge. We conduct a scaling analysis that provides new insight 
into the dynamics behind the widely used “stream power plus diffusion” model. This analysis makes predictions 
which we test with a series of model simulations. Additionally, the nondimensionalization generalizes our results 
and reconciles conflicting dimensional analyses provided by Theodoratos et al. (2018) and Bonetti et al. (2020). 
We can reduce the seven dimensioned parameters of the model to four dimensionless parameters, one of which 
is always negligible. We present numerical results confirming the efficacy of our nondimensionalization and ex-
ploring the newly defined nondimensional parameter space to determine how hydrologic and geomorphic param-
eters affect emergent hydrogeomorphic properties at geomorphic steady state. The results show that subsurface 
flow capacity relative to recharge rate exerts a fundamental control on hillslope length. Additionally, an emergent 
relationship between three topographic metrics derived from the governing equations captures the coevolution of 
runoff generation and topography according to the processes considered in this study.

2. Governing Equations
To investigate the effects of subsurface hydrology on landscape evolution, we couple a hydrological model to a 
standard model of landscape evolution. First, we derive a governing equation for topographic evolution that in-
cludes the role of space- and time-variable runoff in fluvial incision. Second, we examine the hydrological model 
that will generate runoff. Variable dimensions are provided in Notation.

2.1. Landscape Evolution

Topographic elevation z(x, y, t) is assumed to evolve due to fluvial incision Ef(x, y, t), hillslope diffusion Eh(x, y, t), 
and constant baselevel change U.

𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
= −𝐸𝐸𝑓𝑓 − 𝐸𝐸ℎ + 𝑈𝑈 (1)

The term Ef accounts for incision into the landscape by erosion due to overland flow. The term Eh accounts for 
gravitational soil-transport processes that tend to smooth out landscape features. The term U accounts for the 
constant rate of either tectonic uplift or baselevel fall, in this case increasing topographic elevation relative to a 
fixed elevation boundary.
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In one commonly used form of this equation, fluvial incision is described by the streampower law, originally 
derived from empirical data (Howard & Kerby, 1983):

𝐸𝐸𝑓𝑓 = 𝐾𝐾𝐾𝐾𝑚𝑚|∇𝑧𝑧|𝑛𝑛 (2)

Here A(x, y, t) is the upslope drainage area. In the standard streampower formulation, the exponents are m = 1/2 
and n = 1. This is supported by observations of stream profile concavity that suggest m/n ≈ 0.5, and a derivation 
in which incision is proportional to streampower per unit surface area, while channel width increases with the 
square root of discharge (Barnhart, Tucker, Doty, Shobe, et al., 2020; Whipple & Tucker, 1999). This gives the 
streampower incision law:

𝐸𝐸𝑓𝑓 = 𝐾𝐾
√
𝐴𝐴|∇𝑧𝑧| (3)

This equation obscures the role of hydrological processes in the fluvial incision that drives landscape evolution. 
The relationship in Equation 3 can also be derived from first principles in a way that provides a natural coupling 
to hydrological processes. This is accomplished by assuming the incision rate Ef is related to the excess shear 
stress τ from overland flow by some power-law relationship. Frequently, this is written in the form:

𝐸𝐸𝑓𝑓 = 𝑘𝑘𝑒𝑒(𝜏𝜏 − 𝜏𝜏𝑐𝑐)
𝛽𝛽 (4)

This excess shear stress formulation assumes that sediment is not redeposited within the domain (meaning that 
the system is assumed to be “detachment-limited”), which is widely used for upland watersheds (Howard, 1994). 
Here τc is the threshold shear stress below which sediment will not be detached. Our model will also manifest a 
threshold in τ due to the explicit partitioning of water flow between subsurface and surface. The effects of these 
thresholds are not the same; while both fluvial incision and runoff generation have a dependence on slope, a 
steeper slope yields greater fluvial incision but less surface water flow. To focus on the spatial variation in erosion 
associated with hydrological processes, we will examine only the case in which there is no threshold shear stress 
for sediment detachment, such that τc = 0. The shear stress generated by steady, uniform flow in a rectangular 
channel is:

𝜏𝜏 = 𝜌𝜌𝑤𝑤𝑔𝑔𝑔𝑔𝑓𝑓 |∇𝑧𝑧|, (5)

where ρw is the density of water, g is the acceleration due to gravity, and df is the flow depth. A constitutive 
relation for flow resistance such as the Manning or Chezy equation can provide the flow depth df at a particular 
discharge Q. We use the Chezy equation for simplicity, which gives:

�� =

(

�
��

√

|∇�|

)2∕3

 (6)

Here we assume that the channel width w is proportional to the square root of upslope area (e.g., Snyder 
et al., 2003; Wohl & David, 2008):

𝑤𝑤 ∼

√
𝐴𝐴 (7)

As we will show in the subsequent scaling analysis, it will be useful to express w in terms of area per contour 
width a(x, y, t). However, the hydraulic scaling relationships for channel width are defined on the basis of catch-
ment area A at a given cross-section (Leopold & Maddock, 1953). To make the conversion between A and a, we 
represent A as the product of a and a characteristic contour width v0, which is a chosen constant value. We will 
examine the physical significance of this parameter in later sections. To obtain values for w from Equation 7 we 
additionally require the dimensionless parameter kw:

𝑤𝑤 = 𝑘𝑘𝑤𝑤

√
𝑣𝑣0𝑎𝑎 (8)

In this equation there is only one degree of freedom, so we are free to choose a value of v0 for which there will 
always be a corresponding value of kw to satisfy a given relationship between a and w. Ultimately, kw will become 
a component of the streampower coefficient K, while here v0 remains separate, and has additional significance in 
the context of hydrological processes.
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Next, we write the discharge Q(x, y, t) as the product of an instantaneous runoff ratio Q*(x, y, t), upslope area 
A, and the average recharge rate p, Q = pAQ*, and substitute into Equations 5 and 6 to find the flow depth and 
shear stress.

�� =

(

�∗�
√

�0�

���
√

|∇�|

)2∕3

 (9)

� = ���

(

�∗�
√

�0�

���
√

|∇�|

)2∕3

|∇�| (10)

To recover the stream power formulation of the fluvial incision term, we set β = 3/2 (Tucker, 2004) in Equation 4, 
representative of hydraulic detachment by plucking (Tsujimoto, 1999; Whipple et al., 2000). With these substitu-
tions, the incision rate Ef can be written as:

𝐸𝐸𝑓𝑓 = 𝐾𝐾
√
𝑣𝑣0𝑄𝑄

∗

√
𝑎𝑎|∇𝑧𝑧| (11)

where 𝐴𝐴 𝐴𝐴 =
(𝜌𝜌𝑤𝑤𝑔𝑔)3∕2𝑘𝑘𝑒𝑒𝑝𝑝

𝐶𝐶𝑘𝑘𝑤𝑤
 . This form is equivalent to Equation 3, with time and space varying runoff accounted for 

in Q*. Additionally because Q* is dimensionless, K in Equation 11 has units of [1/T], the same as in Equation 3.

The upslope area A is usually defined by explaining the algorithms used to calculate it in numerical schemes, 
which find flow directions on a discrete grid and sum the grid cell areas downslope along these flow directions. 
However, this approach gives the area an implicit dependence on grid cell spacing. Area per contour width a 
on the other hand has a precise mathematical definition that can be derived from conservation of mass (Bonetti 
et al., 2018, 2020). Consider the steady-state depth of water hf across a surface where all locations contribute 
runoff at the same rate r. Conservation of mass for this system indicates that ∇ ⋅ (hfu) = r, where u is the (vector) 
flow velocity. Now suppose that the flow velocity at every point also has magnitude r and points in the direction 
of steepest descent −∇z/|∇z|. To satisfy continuity with this velocity, the flow depth must increase downslope. In 
fact, the flow depth is equal to the upslope area per contour width, hf = a (Bonetti et al., 2018). This derivation 
shows that, by definition:

−∇ ⋅
(

� ∇�
|∇�|

)

= 1. (12)

We are not implying that the assumptions we have made here are necessarily characteristics of all real flow; rather 
these assumptions can be employed, without violating conservation of mass, to develop a condition that area per 
contour width must satisfy. This expression will become important in our scaling analysis in later sections, as the 
scaling properties of the governing equations should be independent of the numerical implementation where a 
grid cell width must be chosen.

Here we use a linear diffusion model of hillslope processes for Eh, which emerges by assuming that the non-fluvial 
sediment transport rate qh is proportional to the local slope gradient −∇z, much as diffusion of a solute is propor-
tional to the concentration gradient (Dietrich et al., 2003). Then by assuming Eh ∼ ∇⋅qh from continuity, we find:

𝐸𝐸ℎ = −𝐷𝐷∇
2𝑧𝑧𝑧 (13)

where D is the linear diffusion constant. While nonlinear formulations of diffusion have proven useful in explain-
ing topography (Roering, 2008; Roering et al., 1999), here we use linear diffusion to limit model complexity. We 
assume that baselevel change has a constant rate U in time and space by adopting a frame of reference anchored 
to baselevel at the boundary of the domain. This can equivalently represent tectonic uplift or baselevel fall. This 
term becomes a “source” in the differential equation; without it, the topography would simply erode to a flat 
plane. While baselevel change is likely not steady in time in real landscapes, this assumption allows us to examine 
the emergent properties of steady-state solutions to the governing equations. Combining all terms together, we 
arrive at our governing equations for topographic evolution:

𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
= −𝐾𝐾

√
𝑣𝑣0𝑄𝑄

∗

√
𝑎𝑎|∇𝜕𝜕| +𝐷𝐷∇

2𝜕𝜕 + 𝑈𝑈 (14)
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−∇ ⋅
(

� ∇�
|∇�|

)

= 1 (15)

This is different from the standard streampower formulation of landscape evolution in that it includes a dimen-
sionless runoff coefficient Q* to account for the spatial and temporal variation in runoff across the landscape. 
While there is considerable uncertainty in the form of the fluvial incision term, the similarity between the form 
we have selected and the standard “stream power plus diffusion” formulation allows us to make use of the same 
nondimensionalization techniques used for the standard LEM, and has properties that will aid in implementation 
and analysis of results while remaining plausible within the context of the existing literature.

2.2. Hydrology

Thus far, we have made no assumptions regarding the hydrology, instead introducing a general dimensionless 
runoff rate Q* = Q/(pA). Any approach to representing hydrology could use the above equations by calculating 
appropriate values for Q*. In our application surface water runoff is assumed to be generated by exfiltrating sub-
surface lateral flow (Hewlett & Hibbert, 1967) and by precipitation on saturated areas (Dunne & Black, 1970). 
We solve for this runoff using a quasi-3D shallow unconfined aquifer model using the Dupuit-Forcheimer ap-
proximations (e.g., Childs, 1971). The approximations are valid in locations where the vertical component of 
groundwater flow is small—generally where saturated thickness is small relative to hillslope or seepage face 
length (Bresciani et al., 2014). While this may not be the case everywhere in our model parameter space, we are 
using the approximations because we cannot feasibly complete the landscape evolution simulations with the full 
3D representation due to computational cost. A model of this type represents a worthwhile trade-off between 
accuracy and efficiency at this stage in the development of coupled groundwater-LEMs. We solve the model for 
lateral groundwater flow q(x, y, t), and local runoff production qs(x, y, t). This model makes use of a method of 
regularization introduced by Marçais et al. (2017) in solving for qs that greatly improves model stability at seep-
age faces. Surface water discharge is calculated by instantaneously routing qs and integrating the accumulated 
local runoff over the area upslope of a given location. The governing equations for the hydrological model are:

𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
=

1

𝑛𝑛𝑒𝑒
(𝑝𝑝 − ∇ ⋅ 𝑞𝑞 − 𝑞𝑞𝑠𝑠) (16)

𝑞𝑞 = −ℎcos𝜃𝜃𝜃𝜃𝑠𝑠(∇𝑧𝑧𝑏𝑏 + ∇ℎ)cos𝜃𝜃 (17)

�� = 
(ℎ
�

)

(� − ∇ ⋅ �) (18)

� = ∫�
�� �� (19)

where h(x, y, t) is the aquifer thickness, ne is the effective or drainable porosity, θ(x, y, t) is the local slope of the 
(presumed impermeable) aquifer base, zb is the elevation of the aquifer base, ks is the saturated hydraulic conduc-
tivity, and b is the permeable thickness. The regularization function 𝐴𝐴 (⋅) has a value of zero when the argument is 
less than one, and approaches 1 as the argument approaches 1. The ramp function 𝐴𝐴 (⋅) is zero when the argument 
is less than zero and takes on the argument value when it is greater than zero.

Though this model can accommodate time-variable recharge, here we consider only constant recharge at rate p. 
Careful examination of this model reveals that saturated areas receive “recharge” at the same rate as areas with 
deeper water-tables. In reality, saturated areas receive direct precipitation, while areas with deeper water tables re-
ceive a smaller fraction as a result of losses to unsaturated zone storage and evapotranspiration from the root zone. 
When saturated area is a small proportion of the total area and the water table is not too deep, this effect may be 
negligible. We will leave further investigation on the role of unsaturated zone dynamics to a future contribution, 
as this would add considerable complexity to the model.

In the cases modeled here, the permeable thickness b is treated as constant in space and time. As our model does 
not distinguish between mobile soil or regolith and in-place weathered or fractured rock, we will use permea-
ble thickness as a general term for the entire permeable zone in which the shallow aquifer must be contained. 
Considerable uncertainty exists in the rates and mechanisms that convert fresh bedrock to permeable fractured 
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rock and/or regolith. Many past models have used an exponential function for the production of regolith (e.g., 
Ahnert, 1976; Armstrong, 1976; Rosenbloom & Anderson, 1994; Tucker & Slingerland, 1997), where the pro-
duction rate is a function of regolith thickness. Permeable thickness may be considered to follow a similar law, 
in that it tends to be thicker where the materials are more susceptible to weathering processes, where a wetter 
climate allows for more active subsurface weathering, and/or where erosion rates are lower. At geomorphic steady 
state, both the rates of change of topographic elevation and unweathered bedrock elevation go to zero. For the 
latter to be the case, the production rate of weathered material must be equal to the uplift rate. When the uplift rate 
and regolith production coefficients are spatially uniform, permeable thickness must also be uniform to satisfy 
this equilibrium. This suggests that it is reasonable to treat permeable thickness as steady and uniform across the 
model domain given that we are only concerned with steady-state landforms in this paper.

3. Numerical Implementation
3.1. Timescale Considerations

One of the primary challenges in coupling a hydrological model with a landscape evolution model is the vast 
difference in process timescales. While the relevant timescale for storm runoff response may be on the order of 
hours or even minutes, landscape evolution processes can have characteristic timescales on the order of tens to 
thousands of years. It would be too computationally expensive to run models over geologic time using appro-
priately small timesteps for stability and accuracy of the hydrological model. Zhang et al. (2016) identified two 
approaches to address this problem: online updating and offline updating. In the offline case, the hydrological 
model is run for many timesteps without updating topography, and then appropriately averaged discharge val-
ues are used to update topography over some larger geomorphic timestep. In contrast, online updating involves 
having a direct scaling between the hydrological timestep (e.g., one storm event) and the geomorphic timestep. 
Zhang et al. (2016) used an online approach, citing possible non-uniqueness of solutions in the offline approach 
depending on the time between geomorphic updates. Given that we consider only steady recharge in this paper, 
there should not be a significant difference between online and offline approaches, as the hydrological state 
varies gradually, only in response to changing topography. Nonetheless, our approach can be considered online 
updating, as we scale the geomorphic timestep as ksf times the hydrological timestep: Δtg = ksfΔth. We call ksf the 
timestep scaling factor.

3.2. Model Implementation

The groundwater and landscape evolution models described above were implemented in the DupuitLEM Python 
package, which makes extensive use of existing tools from the Python-based Earth surface modeling toolkit 
Landlab (Barnhart, Hutton, et al., 2020; Hobley et al., 2017). Landlab includes tools for creating grids, setting 
boundary conditions, handling input and output, along with a diverse range of process components that modify 
fields on Landlab grids according to physical laws. The groundwater model described above is implemented as a 
component in Landlab called GroundwaterDupuitPercolator (Litwin et al., 2020).

DupuitLEM can operate on raster, hexagonal, and irregular grids with zero-flux and fixed value boundary con-
ditions. The model base class takes components that update the hydrological state via hydrological fluxes and 
changes in boundary conditions, update topography via fluvial incision, hillslope diffusion, and baselevel change, 
and update permeable thickness via regolith production. Here we use the DupuitLEM subclass Streampower-
Model, designed for use with the Landlab fluvial incision component FastscapeEroder, which solves a modified 
version of the Fastscape algorithm (Braun & Willett, 2013).

The hydrological state is updated with a DupuitLEM HydrologicalModel. All hydrological models solve for aqui-
fer state and fluxes using the GroundwaterDupuitPercolator component. Surface water discharge is routed instan-
taneously using a D8 algorithm when the grid is a raster, or a steepest descent algorithm otherwise. In the case 
of steady recharge, we use the HydrologicalModel subclass HydrologySteadyStreamPower, which updates the 
surface water discharge by advancing the GroundwaterDupuitPercolator, finding surface flow directions includ-
ing routing through topographic depressions, and accumulating qs along flow directions to determine Q. With 
known area A and recharge rate p, we can calculate the runoff ratio Q* = Q/(pA) that appears in our streampower 
model, linking the hydrology to geomorphic evolution. We use a raster grid with dimensions 125 × 125, with 
three zero-flux boundaries (right, left, top) and one fixed value boundary along the bottom of the model domain. 
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The geomorphic timestep in all simulations is 45 years, while the hydrologic timestep varies as a multiple of the 
von Neumann stability criteria, taking values from approximately four hours to three days. The adaptive timestep 
solver of the GroundwaterDupuitPercolator will further subdivide the timestep to meet stability criteria, while 
surface flow is only routed at this interval.

4. Scaling and Similarity
A similarity analysis of the governing equations illuminates their fundamental controls and will guide the inves-
tigation conducted in the rest of this paper. Here we use an approach based on the concept of symmetry groups 
(Barenblatt, 1996). A symmetry group is a set of scaling transformations of variables and parameters by a con-
stant factor that leave the governing equations unchanged due to cancellation of that factor. In essence, we seek 
to identify the complete set of symmetry groups and apply transformations such that we consolidate or eliminate 
parameters that appear in the equations. Using this approach we arrive at a general form of the governing equa-
tions where dimensional parameters appear in dimensionless groups. We use these emergent dimensionless pa-
rameters in our numerical experiments, greatly reducing the size of the parameter space to explore and exposing 
relationships between model parameters.

4.1. NoHyd Model

We will begin this process by considering the simplest version of the model without space- or time-variable run-
off, such that Q*(x, y) = 1 everywhere. We will call this the NoHyd model. The symmetry group analysis is most 
easily conducted when the model parameters have been rewritten as the product of characteristic scales, isolating 
each dimension (time, length, etc.). Theodoratos et  al.  (2018) determined that there are unique characteristic 
scales for the vertical coordinate, the horizontal coordinate, and time hg, ℓg, tg that emerge from the “streampower 
plus diffusion” landscape evolution equations. Based on their analysis, we can rewrite Equations 14 and 15 in 
terms of these scales without changing the units of the state variables.

𝑡𝑡𝑔𝑔
𝜕𝜕𝜕𝜕

𝜕𝜕𝑡𝑡
= −

√
𝓁𝓁𝑔𝑔𝑄𝑄

∗

√
𝑎𝑎|∇𝜕𝜕| + 𝓁𝓁

2

𝑔𝑔∇
2𝜕𝜕 + ℎ𝑔𝑔 (20)

−∇ ⋅
(

� ∇�
|∇�|

)

= 1 (21)

Because we have replaced three parameters, K, D, and U, in Equation 14 three characteristic scales, hg, ℓg, and tg, 
we can derive a system of equations for their relationships: U = hg/tg, 𝐴𝐴 𝐴𝐴 = 𝓁𝓁

2

𝑔𝑔∕𝑡𝑡𝑔𝑔 , 𝐴𝐴 𝐴𝐴
√
𝑣𝑣0 =

√
𝓁𝓁𝑔𝑔∕𝑡𝑡𝑔𝑔 . We can solve 

this system for the characteristic scales:

ℎ� =

(

�� 3

�20�4

)1∕3

 (22)

�� =
(

�2

�0�2

)1∕3

 (23)

�� =

(

�
�20�4

)1∕3

. (24)

These definitions are slightly different from those of Theodoratos et al. (2018), as we use the area per contour 
width a as a state variable rather than using drainage area A. Next we will identify the symmetry groups. We find 
that there are three groups, each of which allows us to scale two or more dimensioned variables by an arbitrary 
factor c > 0 and leave Equations 20 and 21 unchanged.

{𝑡𝑡 → 𝑐𝑐𝑡𝑡𝑐 𝑡𝑡𝑔𝑔 → 𝑐𝑐𝑡𝑡𝑔𝑔} (25)

{𝑧𝑧 → 𝑐𝑐𝑧𝑧𝑐 𝑐𝑔𝑔 → 𝑐𝑐𝑐𝑔𝑔} (26)
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{𝑥𝑥 → 𝑐𝑐𝑥𝑥𝑐 𝑐𝑐 → 𝑐𝑐𝑐𝑐𝑐 𝑐𝑐 → 𝑐𝑐𝑐𝑐𝑐 𝑐𝑐𝑔𝑔 → 𝑐𝑐𝑐𝑐𝑔𝑔} (27)

The notation above can be read as, for example, “replace each occurrence of t by ct,” and similarly for each set of sym-
bols separated by a right-pointing arrow. For example, consider applying the first symmetry group by replacing every 
occurrence of t with ct. We find that when doing this, we must also replace every occurrence of tg with ctg in order for 
all c's to cancel. The same principle applies to the other groups as well. Note that the final group also requires that we 
transform the gradient operator: ∇2z → c−2∇2z and |∇z| → c−1|∇z|, as a consequence of the transformations of x and y.

Because these symmetry groups apply for any c > 0, we can simplify the governing equations by choosing values 
of c such that the characteristic scales hg, ℓg, and tg do not appear in the equations. For example, we can apply 
the first symmetry group, taking c = 1/tg, resulting in the transformations {t → t/tg, tg → 1}. In doing so, we have 
effectively rescaled t into units of tg. We will denote this dimensionless time as t′ = t/tg. Likewise, we can take a 
similar approach with application of the other symmetry groups:

{� → �∕��, �� → 1}

{� → �∕ℎ�, ℎ� → 1}

{� → �∕��, � → �∕��, � → �∕��, �� → 1}

 (28)

Applying all three transformations and defining the dimensionless state variables

�′ = �∕��

�′ = �∕ℎ�

�′ = �∕��

�′ = �∕��

∇′ = ∇��

�′ = �∕��

 (29)

we obtain the dimensionless governing equations for the landscape evolution model:

𝜕𝜕𝜕𝜕′

𝜕𝜕𝜕𝜕′
= −

√
𝑎𝑎′|∇′𝜕𝜕′| + ∇

′2𝜕𝜕′ + 1 (30)

−∇′ ⋅
(

�′ ∇′�′

|∇′�′|

)

= 1 (31)

No parameters appear in these rescaled equations. Intuitively, this demonstrates that all possible solutions of the 
NoHyd model can be obtained by appropriately rescaling any other solution given identical boundary and initial 
conditions. We would not obtain a fully parameterless model if we had chosen to write the equations in terms 
of area A rather than area per unit contour width a. In that case, a single parameter v0/ℓg would appear in Equa-
tion 31. Not accounting for this parameter effectively leaves a grid cell size dependence in the nondimensionali-
zation, which is something we seek to avoid.

4.2. DupuitLEM Model

Next we relax our constraint of uniform dimensionless runoff (Q* = 1) and incorporate the hydrological equa-
tions into the scaling analysis. This model is called DupuitLEM. The scaling analysis of this model extends the 
analysis of the NoHyd model, and can be found in Appendix A. To complete the analysis, we introduce two new 
characteristic scales: a characteristic aquifer drainage time td and a characteristic aquifer thickness ha (which are 
also reproduced in Equations A3 and A4 respectively):

ℎ𝑎𝑎 =
𝑝𝑝𝓁𝓁𝑔𝑔

𝑘𝑘𝑠𝑠ℎ𝑔𝑔∕𝓁𝓁𝑔𝑔

 (32)
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𝑡𝑡𝑑𝑑 =
𝓁𝓁𝑔𝑔𝑛𝑛𝑒𝑒

𝑘𝑘𝑠𝑠ℎ𝑔𝑔∕𝓁𝓁𝑔𝑔

. (33)

The dimensionless governing equations for the DupuitLEM model are:

𝜕𝜕𝜕𝜕′

𝜕𝜕𝜕𝜕′
= −𝑄𝑄∗

√
𝑎𝑎′|∇′𝜕𝜕′| + ∇

′2𝜕𝜕′ + 1 (34)

−∇′ ⋅
(

�′ ∇′�′

|∇′�′|

)

= 1 (35)

𝛿𝛿
𝜕𝜕𝜕′

𝜕𝜕𝜕𝜕
= 1 − ∇

′
⋅ 𝑞𝑞′ − 𝑞𝑞′𝑠𝑠 (36)

𝑞𝑞′ = −ℎ′
cos

2
(arctan|𝛼𝛼∇′𝑧𝑧′|)(∇′ℎ′

∕Hi + ∇
′𝑧𝑧′) (37)

= −ℎ′
∇

′ℎ′
∕Hi + ∇

′𝑧𝑧′

1 + 𝛼𝛼2|∇′𝑧𝑧′|
2

 (38)

𝑞𝑞′𝑠𝑠 = (ℎ′
∕𝛾𝛾)(1 − ∇

′
⋅ 𝑞𝑞′) (39)

�∗ = 1
�′ ∫�′

�′� ��′ (40)

where we have defined the following dimensionless variables:

ℎ = ℎ′ℎ�

� = �′��

� = �′���

�� = �′��.

 (41)

Because runoff appears as a dimensionless parameter Q* in the geomorphic equation, we are still able to obtain 
a parameterless expression for topographic evolution. There are, however, four dimensionless parameter groups 
that we cannot eliminate. Thus, in contrast to the NoHyd model, all solutions of the DupuitLEM model do not 
reduce to a single solution that can be rescaled to obtain all others. We will give the dimensionless groups the 
following names, which will be used throughout the rest of this paper:

𝛼𝛼 =
ℎ𝑔𝑔

𝓁𝓁𝑔𝑔

=
𝑈𝑈

𝑣𝑣
1∕3

0
𝐷𝐷1∕3𝐾𝐾2∕3

Characteristic gradient (42)

𝛾𝛾 =
𝑏𝑏

ℎ𝑎𝑎

=
𝑏𝑏𝑏𝑏𝑠𝑠ℎ𝑔𝑔

𝑝𝑝𝓁𝓁2
𝑔𝑔

=
𝑏𝑏𝑏𝑏𝑠𝑠𝑈𝑈

𝑝𝑝𝑝𝑝
Drainage capacity (43)

Hi =
ℎ𝑔𝑔

ℎ𝑎𝑎

=

𝑘𝑘𝑠𝑠ℎ
2

𝑔𝑔

𝑝𝑝𝓁𝓁2

𝑔𝑔

=
𝑘𝑘𝑠𝑠𝑈𝑈

2

𝑝𝑝 𝑝𝑝
2∕3

0
𝐷𝐷2∕3𝐾𝐾4∕3

Hillslope number (44)

𝛿𝛿 =
𝑡𝑡𝑑𝑑

𝑡𝑡𝑔𝑔
=

𝑛𝑛𝑒𝑒 𝑣𝑣
2∕3

0
𝐷𝐷2∕3𝐾𝐾4∕3

𝑘𝑘𝑠𝑠𝑈𝑈
Timescale factor (45)

Here α is a characteristic gradient of the model that emerges from the geomorphic parameters. The drainage ca-
pacity γ is proportional to the maximum transmissivity and the characteristic topographic gradient and inversely 
proportional to the mean recharge rate. Hi is analogous to the Hillslope number presented by Brutsaert (2005, their 
Equation 10.139) and used by Harman and Sivapalan (2009), Harman and Kim (2019), and others to understand 
shallow groundwater dynamics. Brutsaert (2005) and Berne et al. (2005) recognize that the Dupuit-Forcheimer 
model can be reduced to an advection-diffusion equation on aquifer thickness, in which advection corresponds 
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to flow driven by topographic gradients, and diffusion driven by gradients in aquifer thickness. As the factor 1/
Hi = ha/hg appears as a coefficient on the diffusive term, Hi can be thought of as a Peclet number, in which large 
values correspond to flow primarily driven by advective forces, while small values correspond to flow primarily 
driven by diffusive forces (Berne et al., 2005). An analysis presented in Appendix B discusses the scaling prop-
erties of the governing equations in the special cases when Hi is small and large. Lastly, δ represents the scaling 
between the hydrologic and geomorphic timescales of the model. By the nature of hydrologic and geomorphic 
processes, we expect this ratio to be very small in all cases. Additionally, δ multiplies the time rate of change of 
aquifer thickness, which should also be very small here as we only consider steady recharge.

4.3. Predictions From Scaling Analysis

The scaling analysis will significantly improve our ability to explore and understand variability across the param-
eter space in the following sections. From the scaling analysis alone, we can make several predictions of what we 
expect to see in the numerical results. In particular, we expect to find the following at geomorphic steady state:

1.  Dimensionless topography from the NoHyd model should be identical, regardless of chosen hg and ℓg. If 
the boundary and initial conditions and the dimensionless domain size are the same, the absence of parame-
ters in the dimensionless governing equations implies that the dimensionless topography should be invariant.

2.  Dimensionless topography from the DupuitLEM model should only be invariant to changes in hg and 
ℓg when their ratio is held constant. Because the DupuitLEM model retains a dependence on α = hg/ℓg, the 
invariance found for the NoHyd model should only occur when we keep all dimensionless parameters the 
same, including α.

3.  Dimensionless topography should be insensitive to α when Hi is small. In this case, relief is small relative 
to aquifer thickness, and we can neglect the role of topographic gradients in driving groundwater flow. We 
repeat the scaling analysis under these circumstances (Appendix B) and find that α does not appear.

4.  Dimensionless topography should be insensitive to Hi when Hi is large. This case is the complement to 
the previous in that relief is generally large relative to aquifer thickness, and we can neglect the influence of 
gradients in aquifer thickness on groundwater flow. Again we repeat the scaling analysis under these circum-
stances (Appendix B) and find that Hi does not appear.

5. Results
We explore the properties of the scaled model through a series of simulations designed to sample the nondi-
mensional parameter space of α, γ, and Hi. While the timescale parameter δ does vary as we vary hydrological 
parameters, this effect should be negligible for reasons previously stated. First, we test the predictions made from 
the scaling analysis through a series of simulations involving both the NoHyd model and the DupuitLEM model. 
Second, we use the DupuitLEM model to explore topographic and runoff variation with varying drainage capac-
ity γ and hillslope number Hi.

We evaluated the condition of steady-state topography on the basis of change in mean dimensionless relief Rh/
hg, where Rh is the mean value of elevation z. For runs of the NoHyd model and runs of the DupuitLEM model 
where γ < 1, the results show clear indications of steady state, as the absolute value of dimensionless rate of relief 
change 𝐴𝐴 |

𝑑𝑑𝑑𝑑ℎ∕ℎ𝑔𝑔

𝑑𝑑𝑑𝑑∕𝑑𝑑𝑔𝑔
| declines below 10−10. In cases with larger γ, perturbations continue through time in the absolute 

value of relief change. We run the model at least until there is no decreasing trend in the absolute value of relief 
change. Times to meet these conditions range from approximately 300–2,000 tg (around 7–45 million years given 
the dimensional input parameters).

5.1. Confirmation of Scaling and Similarity

The numerical results confirm the predictions of our scaling analysis. Rows of Figure 2 labeled with capital letters 
correspond to the first three predictions in Section 4.3, while Figure 3 corresponds with the fourth prediction 
from Section 4.3.
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Figure 2.
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Addressing the first scaling prediction, in Figures 2ai, 2aii, and 2aiii we show that ℓg can be varied independently 
from hg (changing α) with the NoHyd model and we can still obtain visually and numerically identical results in 
the rescaled coordinate system (x′, y′, z′). The same similarity appears when hg is varied independently while ℓg 
remains constant (i, iv, vi) and when hg and ℓg are varied together (i, v, vii). The mean absolute difference in z′ 
between all model runs is less than 10−13% of total relief. These results confirm the scaling found by Theodora-
tos et al. (2018), showing that the vertical and horizontal dimensions possess distinct and independent scaling 
relationships.

Next we address the second scaling prediction that the vertical and horizontal length scales should not scale 
independently in DupuitLEM, unless Hi ≪ 1. Figure 2b shows the same scaling of hg and ℓg implemented in 
Figure 2a, now using DupuitLEM with a large hillslope number Hi = 5 and moderate drainage capacity γ = 2.5. 
As ℓg is increased independent of hg (i, ii, iii), α decreases and the distance between channels appears to in-
crease. Similarly as we increase hg while holding ℓg constant (i, iv, vi), α increases and we observe a decrease in 
spacing between channels. These appear at first to be counterintuitive results: when relief is smaller, we might 
expect weaker topographic gradients driving groundwater flow, and therefore more surface runoff. However 
because we hold drainage capacity constant, we account for this effect. This is most clearly seen when we rewrite 

𝐴𝐴 𝐴𝐴 =
𝑏𝑏𝑏𝑏𝑠𝑠ℎ𝑔𝑔∕𝓁𝓁𝑔𝑔

𝑝𝑝𝓁𝓁𝑔𝑔
 , where the factor hg/ℓg appears in the numerator. In other words, other terms in γ must be changed 

in order to keep the whole dimensionless group constant. On the other hand, consider where α appears in the 
dimensionless governing Equation 38 or alternatively Equation 39. These show that the dimensionless ground-
water specific-discharge in fact has an inverse dependence on α2: increasing α will lead to smaller dimensionless 
groundwater specific-discharge, and therefore more surface runoff. More intuitively, consider that the gradients 
driving flow and cross-sectional area through which flow moves downslope are both relative to the aquifer base. 

Figure 2. Hillshade plots (a, b, and c) and cross-sections (d, e, and g) of steady-state elevation for model runs with varying hg and ℓg. Cross-sections are taken along 
the dashed red lines and show the impermeable base elevation (dark gray), water-table elevation (blue), and topographic elevation (brown). Here zero elevation is the 
fixed topographic elevation boundary condition along the lower edge of the domain. Results are plotted in the rescaled coordinate system (x′, y′, z′). (a and d) Model 
runs with the NoHyd model, showing that topography is nearly identical in the dimensionless coordinate system regardless of the chosen values of hg and ℓg. (b and e) 
DupuitLEM results are sensitive to independent scaling of ℓg (i → ii → iii) and hg (i → iv → vi) when Hi is large. Scaling such that α = hg/ℓg remains constant produces 
topography that is similar in the rescaled coordinates. (c and f) DupuitLEM results with small Hi, showing reduced sensitivity of modeled topography to chosen length 
scales for small values of α. Note that the dimensionless size of the domain in the Hi = 0.01 cases is larger than the other cases in order to resolve a sufficient number of 
ridge-valley features. This was accomplished by maintaining the number of grid cells and increasing the contour width v0. The values of hg in the Hi = 0.01 cases (c and 
f) are also smaller to allow for achievement of a tractable solution with very small Hi.

Figure 3. Hillshades and cross-sections of steady-state elevation from DupuitLEM for large values of Hi, with α = 0.15 and γ = 2.5. Cross-sections are taken along the 
dashed red lines and domain scaled in same fashion as in Figure 2. Results confirm that model topography is insensitive to Hi at large values of Hi, as predicted by the 
scaling analysis.
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Thus, increasing the slope and holding all other factors constant results in smaller gradients relative to the base, 
and smaller cross-sectional area through which the flow must move.

It is only when hg and ℓg are varied together (i, v, vii), keeping α constant, that topography remains invariant in the 
rescaled coordinates. The greatest difference in mean relief between runs is 0.20%. While sufficient to confirm 
the scaling analysis, this difference is larger to that observed in Figure 2A due to isolated areas that develop slight-
ly different drainage patterns. This is likely as a result of small numerical differences between the groundwater 
model solutions early in the evolution of topography.

Third, we address the scaling prediction that when the hillslope number Hi is small, vertical and horizontal 
dimensions should scale independently, and thus the dimensionless results should be independent of the charac-
teristic gradient α. When Hi is small, relief is small relative to the characteristic aquifer thickness, and as a result 
relief should not play a strong role in generating hydraulic gradients that drive flow. In these simulations where 
permeable thickness is particularly deep relative to the domain size, we caution that the Dupuit-Forcheimer solu-
tion may be significantly different from an equivalent 3-dimensional flow solution. Figure 2c shows the results 
of varying hg and ℓg as in Figure 2b, but now with Hi = 0.01. Here we find less dependency of the results on α 
than when Hi = 5.0, particularly when α < 0.05. Plots (i, iv, vi) show reduced dependency on α, with a maximum 
51% difference in mean relief, in comparison to 145% difference when Hi = 5.0. There is less variation in plots (i, 
ii, iii), with 3.9% difference in mean relief, in comparison to 87% difference in mean relief when Hi = 5.0. This 
partially confirms what we expect from the scaling analysis, but suggests some additional dependency on α or hg.

Last, we address the scaling prediction that when the hillslope number Hi is large, the topography should not be 
sensitive to Hi. In this case, hydraulic gradients are primarily driven by topographic gradients, and Hi no longer 
appears in the dimensionless governing equations. Figure 3 shows results with increasing Hi, with α = 0.15 and 
γ = 2.5 in all cases. Topography is visually and numerically similar. The difference in mean relief between cases 
when Hi = 20.0 and Hi = 40.0 is 0.7%. These results demonstrate the efficacy of our scaling analysis. However 
in the results going forward, we will generally work with values of Hi in between those tested in the special cases 
here, and thus we will not be able to neglect α or Hi.

5.2. Sensitivity to Dimensionless Hydrologic Parameters

Varying the drainage capacity γ and hillslope number Hi in the numerical simulations suggests that landscape 
and climate properties affecting shallow groundwater flow have major effects on topography. In particular, the 
evolved topography depends strongly on γ, where low γ correlates with low transmissivity, and a characteristic aq-
uifer thickness that is large relative to permeable thickness. When γ = 0.5, the lowest value shown in Figure 4, the 
results look very similar to those obtained with the NoHyd model. In these cases the entire landscape experiences 
some overland flow and erosion, which is apparent in the spatial distribution of runoff Q* shown in Figure 6. 
In contrast, high γ cases produce broad interfluves on which Q* = 0, as the water table sits further below the 
surface. As a result these areas do not experience surface erosion. To a lesser degree, the hillslope number affects 
the steady-state topography as well, where increasing hillslope number increases the degree to which topographic 
gradients, rather than gradients in aquifer thickness, drive groundwater flow. Here we increase Hi by increasing 
the hydraulic conductivity, while decreasing permeable thickness b in order to hold the drainage capacity γ con-
stant. The cross-section plots in Figure 5 confirm that permeable thickness is larger when Hi is small. The top-
ographic effect of this difference in permeable thickness appears to be greatest when drainage capacity is large, 
suggesting that there is an interaction between the two parameters. In large drainage capacity cases, increasing Hi 
generally decreases the spacing between channels.

Distributions of Q* represent the spatial variability in runoff that emerges from our coupled geomorphic-hydrologic 
model under conditions of steady, uniform recharge. These distributions confirm that the extent of areas contrib-
uting runoff tends to decrease with increasing drainage capacity, and to a lesser extent with decreasing hillslope 
number. Figure 6b shows cumulative distribution functions of Q* for each model run, indicating the proportion of 
the landscape where Q* is less than a particular value on the x-axis. Strikingly, we see that areas that contribute 
no runoff (Q* = 0) first appear exactly when γ = 1 (third row from the bottom). This holds for smaller and larger 
values of α as well (see Figures S3 and S6 in Supporting Information S1). It is at this point that the spatial vari-
ability in Q* is maximized: at lower values all areas contribute some runoff, while above this value, most areas 
contribute no runoff at all. As γ is the ratio of the characteristic aquifer thickness ha to the permeable thickness 
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b, a value of 1 should indicate that a “characteristic hillslope” has just become saturated, which appears to be in 
agreement with our results. This is a powerful demonstration of the effectiveness of this nondimensionalization.

In Figure 6c, the proportion of numerical grid nodes with a dimensionless runoff rate Q* > 0.5 indicates exten-
sive saturation in low γ cases with minor sensitivity to Hi values; the extent of runoff contributing areas declines 
slightly more rapidly when Hi is large. For comparison, we also plot the proportion of the landscape with positive 
curvature, which shows a more gradual change with γ.

The previous section evaluating the scaling properties of the model results showed that the characteristic gradient 
α has a significant effect on topography in most cases where Hi is not very small. Supporting Information S1 
includes figures showing the results of varying γ and Hi with higher and lower values of α than those shown here. 
While the results for large drainage capacity do show some differences, the fundamental patterns seen, including 
transitions in morphology and runoff generation at γ = 1, remain the same.

These results demonstrate that subsurface hydrology has a strong effect on topography in this model. In particular 
we find that γ = 1 defines the transition between two landscape behaviors. When γ < 1, landscapes evolve with 

Figure 4. Hillshade plots of steady-state elevation using DupuitLEM, varying γ and Hi while α is held constant. Hi varies 
over two orders of magnitude on a geometric scale, while γ varies over one order of magnitude, further subdivided to show 
the transition that occurs at γ = 1. Low γ topography appears similar to NoHyd model results, and is less sensitive to varying 
Hi. Large γ results show broad hillslopes and slightly greater sensitivity to Hi.
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close spacing between channels, low relief, and extensive saturation and runoff generation. When γ > 1, water is 
increasingly partitioned toward subsurface rather than surface flow. Consequently, the spacing between streams is 
greater, the landscape is generally steeper, and saturated areas and erosion are restricted to narrow incised regions.

6. Emergent Properties at Landscape Equilibrium
6.1. Topographic Analysis: Steepness and Curvature

The landscapes shown in Figures 2, 4, and 6 reveal the visually striking influence of hydrological properties on 
landscape form. However, there is still much more we can learn about the controls on these emergent properties, 
guided by the form of the governing equations. Furthermore, we would like to be able to develop some quanti-
tative understanding that relates readily observable topographic features to hydrological properties that are more 

Figure 5. Cross-section plots of DupuitLEM results with varying γ and Hi corresponding to hillshades in Figure 4. Cross-sections are taken in the same fashion as 
Figure 2, horizontally along the midpoint of the domain. Despite apparent similarities of the hillshades, there are prominent differences in the subsurface with varying 
Hi. Lower Hi cases will have deeper regolith, as this is dependent on the value of Hi. Noticeable depth to water table only becomes apparent at large values of γ.
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difficult to measure. The relationships between model parameters and emergent hydrologic and geomorphic 
properties will be the focus of this section.

Commonly, properties of stream channels and entire landscapes are examined by plotting local slope versus 
upslope area (e.g., Dietrich et  al.,  1993; Tarboton et  al.,  1989; Willgoose et  al.,  1991c). Results form point 
clouds where zones of distinct behavior can be identified (Perron et al., 2008). Recently, Theodoratos et al. (2018) 
showed that the topography resulting from the streampower-linear diffusion LEM may be analyzed by examining 
relationships between what they term the incision height 𝐴𝐴

√
𝐴𝐴|∇𝑧𝑧| and Laplacian curvature ∇2z. Theodoratos and 

Kirchner, 2020b refer to 𝐴𝐴
√
𝐴𝐴|∇𝑧𝑧| as steepness, so here we will adopt similar terminology, with one difference: to 

match the form of our governing equations, we define steepness as 𝐴𝐴
√
𝑎𝑎|∇𝑧𝑧| , using area per contour width a rather 

than area A. Steepness and curvature emerge naturally from the steady-state form of the governing equation for 
topographic evolution (Equation 20). Setting the time rate of change equal to zero, and rearranging, we obtain 
the following relationship:

∇
2𝑧𝑧 = 𝓁𝓁

−3∕2

𝑔𝑔 𝑄𝑄∗

√
𝑎𝑎|∇𝑧𝑧| −

ℎ𝑔𝑔

𝓁𝓁
2

𝑔𝑔

 (46)

which has the equivalent dimensionless form:

∇
′2𝑧𝑧′ = 𝑄𝑄∗

√
𝑎𝑎′|∇′𝑧𝑧′| − 1 (47)

When runoff generation is spatially uniform, as in the NoHyd model, Q* = 1 for all (x, y) and there is a linear 
relationship between steepness and curvature, with a slope of unity and intercept of −1 in dimensionless coordi-
nates, as observed by Theodoratos et al. (2018). While this definition of steepness is contingent on the particular 

Figure 6. (a) Spatial patterns of Q* from DupuitLEM varying γ and Hi while all other parameters are held constant. Results are similar across differences in Hi, but 
show significant differences with γ. All points in the landscape generate some runoff in the lowest gamma trials. (b) Cumulative distribution functions of Q* with 
varying γ and Hi. Low γ trials show a range of Q* values, with all areas contributing to some degree. High γ cases show that most areas do not contribute runoff, with 
a small area where Q* ≈ 1. (c) Proportion of nodes contributing runoff or having positive curvature, with varying γ (x-axis) and Hi (colors). Results show decreasing 
proportion of total area that is contributing runoff or is convex with increasing γ.
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exponents on area and slope, Theodoratos et al. (2018) showed that this relationship can be generalized to any 
exponent values, albeit with significantly more complicated formulas.

Figure 7 shows topography from a run of the NoHyd model in slope-area and steepness-curvature space. The 
results show the expected slope and intercept in the steepness-curvature plot. All of the variability that appears in 
the slope-area space collapses onto a single line in steepness-curvature space, making steepness-curvature plots 
powerful tools for examining model behavior. Observing this relationship in the numerical solution also demon-
strates that the model accurately reproduces the analytical result at steady state.

Furthermore, deviations created by the introduction of hydrologic variability with Q* should be readily apparent 
when plotting steepness versus curvature. When we use DupuitLEM, plotting 𝐴𝐴 𝐴𝐴∗

√
𝑎𝑎′|∇′𝑧𝑧′| rather than 𝐴𝐴

√
𝑎𝑎′|∇′𝑧𝑧′| 

versus curvature would again result in a linear relationship. Through topographic analysis alone, however, steep-
ness and curvature are available while Q* is not. Quantifying the relationship between these topographically de-
rived quantities and Q* across each steady-state landscape in our nondimensional parameter space thus supports 
quantifying hydrological function based upon topography.

Slope-area and steepness-curvature plots for selected model runs with different values of drainage capacity γ and 
hillslope number Hi are shown in Figure 8. The steepness-curvature relationships when drainage capacity is small 
show close agreement with the theoretical relationships derived from the NoHyd model (dotted black line). This 
is consistent with the observed values of Q*, which are close to unity at most nodes. With increasing drainage 
capacity, there is an apparent separation between points that conform to the theoretical relationship and points 
that maintain constant negative curvature 𝐴𝐴 ∇

2𝑧𝑧 = −ℎ𝑔𝑔∕𝓁𝓁
2

𝑔𝑔 . The difference between these behaviors is revealed in 
the values of Q*. Areas in yellow have Q* ≈ 0, and form the zone of constant negative curvature. This is exactly 
what we would expect from the solution to the steady-state Equation 47 in the absence of the fluvial incision term. 
Points in this zone are convex hillslopes that do not reach surface saturation. Areas in blue have Q* ≈ 1, essential-
ly conforming to the same relationship observed for the NoHyd model. Points in this zone are the fluvial valleys 
that are fully saturated and have discharge approximately equal to the recharge rate integrates over the upslope 
area. This indicates that the vast majority of water is moving over the surface rather than through the subsurface 
at these locations. A limited number of nodes fall in between these two end members of behavior. These are the 
channel heads and other areas of partial runoff contribution, where 0 < Q* < 1. The proportion of points in this 
intermediate space appears to decrease with increasing γ.

Slope-area plots show separation between these behaviors as well, though the end members of behavior are 
not nearly as distinct, nor can we explain their patterns as readily from the analytical solution to the governing 
equations at steady state. Differences between channel and hillslope morphology are also apparent in map view 
plots of steepness and curvature (Figure 9). While steepness does seem to provide an indication of increasing 
channelization in the low drainage capacity cases, in the high drainage capacity cases, it takes on unusual swirling 
patterns on hillslopes, in part due to the D8 flow routing method. These are of little consequence in the context 

Figure 7. Dimensionless slope-area (left) and steepness-curvature plots (right) of steady-state topography using the NoHyd 
model. The steepness-curvature relationship observed in the results shows a precise fit to the linear relationship predicted 
from theory (dotted line). Parameters selected are the same as those in Figure 2ai.
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of processes acting in the model, because Q* and therefore fluvial incision are near zero on these hillslopes. In 
low drainage capacity cases, map view curvature plots show that areas of negative curvature are restricted to nar-
row areas near the ridges, while extensive areas have near zero or positive curvatures, indicating predominantly 
concave-upward terrain. In comparison, in high drainage capacity cases, most points obtain a constant negative 
curvature, representing convex-upward hillslopes, while the channels obtain large positive curvatures as a conse-
quence of the steep adjacent hillslopes.

6.2. Hydromorphic Balance

How can we understand the separation between channel and hillslope behavior that appears in the DupuitLEM 
results? While there is a unique relationship between steepness and curvature for the NoHyd model, this is no 
longer the case for DupuitLEM, indicating that some information is not captured by these terms alone. The miss-
ing piece, as Equation 47 shows, is Q*. That is, there is a unique relationship between steepness, curvature, and 
Q*. If we would like to know Q*, one approach would be to solve for Q* and explore how it could be determined 
from the governing equations. Using the equation for topography at steady state (Equation 20), we can solve for 
Q* as a function of the parameters, steepness, and curvature.

𝑄𝑄∗
= 𝓁𝓁

3∕2

𝑔𝑔

∇
2𝑧𝑧

√
𝑎𝑎|∇𝑧𝑧|

+
ℎ𝑔𝑔

√
𝓁𝓁𝑔𝑔

1
√
𝑎𝑎|∇𝑧𝑧|

 (48)

We will call this equation the Geomorphic Balance. Results of plotting Q* versus the right hand side of this 
equation are shown in Figure 11a. Like the relationship between steepness and curvature for the NoHyd model, 
the Geomorphic Balance shows a tight linear relationship. In other words, most places in the landscape have 
topography that is closely coupled with runoff, as predicted by the governing equations. Deviation from the 1:1 

Figure 8. Dimensionless slope-area (left) and steepness-curvature (right) plots for selected model runs from Figure 4. See correlating model run numbers in the upper 
left corner. As in Figure 4, γ and Hi increase vertically and laterally from the bottom left respectively. Plots are colored by Q* of the final topography. Axes scales are 
different between plots, showing that large γ cases obtain values of dimensionless steepness and curvature far greater than the cases when γ is small.
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line in Figure 11a is an indication that the hydrologic state and geomorphic state are not completely in equilib-
rium with one another. These deviations likely have a similar origin to the perturbations in relief as the model 
evolves toward topographic steady state that we noted previously. Both indicate that subtle adjustments between 
the hydrologic and geomorphic states persist in the evolution of the modeled landscapes. This demonstration of 
dynamic equilibrium has similarities to natural settings where adjustment to small perturbations is persistent even 
in landscapes that are considered to be near geomorphic steady state.

Unfortunately in most cases where one might want to apply the Geomorphic Balance to real data to deter-
mine spatial patterns of runoff and saturation, the geomorphic length scales hg and ℓg are unknown. While the 
NoHyd model has distinct relationships between landscape properties and hg and ℓg, explored by Theodoratos 
et al. (2018), those relationships break down with the addition of subsurface hydrology. Even if we were to esti-
mate hg and ℓg through geomorphic methods, the uncertainty in direct estimates these parameters is likely far too 
great to constrain Q* in Equation 48.

The governing hydrologic equations offer a complementary solution for Q*. At hydrological steady state, for 
steady recharge at rate p, the expression for conservation of mass (Equation 16) can be written as:

𝑝𝑝 = ∇ ⋅ 𝑞𝑞 + 𝑞𝑞𝑠𝑠 (49)

This should be a reasonable representation of our results, as the recharge rate is constant, and other properties 
vary slowly with time. Integrating this water balance over the watershed area, A, and using Leibniz’ rule to eval-
uate the integral of the divergence term:

∫�
� �� = ∫�

(∇ ⋅ � + ��) �� (50)

Figure 9. Planform view steepness and curvature for selected model runs, with model run numbers corresponding to hillshades in Figure 4. Spatial patterns of 
steepness appear to agree with channel network locations in the low γ cases, while in the high γ cases, steepness takes on large values in patterns that spiral away from 
ridges. Curvature is positive on ridges and negative in channels, with large areas of constant negative curvature in the large γ cases.
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𝑝𝑝𝑝𝑝 =
∬

∇ ⋅ 𝑞𝑞 𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞 +𝑄𝑄∗𝑝𝑝𝑝𝑝 (51)

𝑝𝑝𝑝𝑝 =
∮
𝑆𝑆

𝑞𝑞 ⋅ �̂�𝑛 𝑛𝑛𝑆𝑆 +𝑄𝑄∗𝑝𝑝𝑝𝑝 (52)

where S is the catchment boundary and 𝐴𝐴 𝐴𝐴𝐴 is the unit normal vector on the catchment boundary. If we assume that 
the catchment boundary is a no-flux boundary except for the outlet with characteristic contour width v0, then this 
reduces to:

𝑝𝑝𝑝𝑝 = 𝑞𝑞𝑞𝑞0 +𝑄𝑄∗𝑝𝑝𝑝𝑝 (53)

This also assumes that groundwater flux is directed out of the watershed, which is a tenuous assumption for deep-
er regional aquifers but perhaps is appropriate for the shallow near surface aquifers that tend to produce return 
flow and near-channel areas of surface saturation during rainfall events. We selected the characteristic contour 
width v0 here to be the same as the contour width used in Equation 8, so the relationship A = v0a still holds. Next 
we substitute the expression for groundwater flow (Equation 17). Assuming gradients are directed out of the 
watershed, we can take the absolute value of gradients for similarity to the geomorphic balance.

𝑝𝑝𝑝𝑝 = 𝑣𝑣0𝑘𝑘𝑠𝑠ℎ(|∇ℎ| + |∇𝑧𝑧|)cos2(𝜃𝜃) +𝑄𝑄∗𝑝𝑝𝑝𝑝 (54)

then substituting A = av0 and rearranging to solve for Q*:

𝑄𝑄∗
= 1 −

𝑘𝑘𝑠𝑠ℎ

𝑝𝑝

(|∇ℎ| + |∇𝑧𝑧|)cos2(𝜃𝜃)

𝑎𝑎
 (55)

By limiting ourselves to locations where the water table has reached the land surface so that the aquifer base and 
land surface are parallel, we can set h → b and ∇h → 0.

𝑄𝑄∗
= 1 −

𝑘𝑘𝑠𝑠𝑏𝑏

𝑝𝑝

|∇𝑧𝑧|cos2(𝜃𝜃)

𝑎𝑎
 (56)

This is our Hydrologic Balance expression for Q*. Contained in this expression is a modified version of the 
topographic index 𝐴𝐴

𝑎𝑎

∇𝑧𝑧cos2(𝜃𝜃)
 , where we have retained the cosine term for similarity to the governing equation for 

groundwater flow. It is appropriate that topographic index should appear in this equation, as it has been shown 
to be a useful tool for understanding geomorphically driven hydrological behavior (Beven & Kirkby, 1979). The 
results of plotting Q* against the right hand side of Equation 56 are shown in Figure 11b. Correlations are not as 
strong as in the Geomorphic Balance.

Investigation revealed that differences between modeled results and our analytical solution result from differences 
in the style of surface versus subsurface flow routing. Subsurface flow is calculated in a “diffusive” sense by 
measuring fluxes in or out on all links connecting nodes of the computational mesh. In contrast, surface routing 
is calculated with an “advective,” steepest descent approach, where all flow is routed downslope from one single 
node to another. The analytical solution assumes that the recharge on the upslope area, which we calculate with 
the “advective” method, is the total flow that is partitioned between surface and subsurface flow at a node. If all 
flow were routed with the “advective” method, we would expect the modified topographic index to have a 1:1 
correspondence with Q*. However, Figure 10 (right panel) shows that there is not a unique relationship between 
the two, particularly for small and intermediate values of topographic index. However, curvature (colors), which 
better captures the degree of landscape convergence or divergence driving groundwater flow, is able to explain 
the trend in Q* at a given value of topographic index. While this pattern appears here as a consequence of our 
model choice, it may capture something intrinsic about reality in which surface flow is rapid and generally chan-
nelized in a single direction, while groundwater flow is more gradual and diffusive in nature. With two expres-
sions for Q*, one hydrologic in Equation 56 and one geomorphic in Equation 48, we can nevertheless continue 
our analysis, combining these expressions by eliminating Q* to obtain:

1 −
𝑏𝑏𝑏𝑏𝑠𝑠

𝑝𝑝

|∇𝑧𝑧|cos2(𝜃𝜃)

𝑎𝑎
= 𝓁𝓁

3∕2

𝑔𝑔

∇
2𝑧𝑧

√
𝑎𝑎|∇𝑧𝑧|

+
ℎ𝑔𝑔

√
𝓁𝓁𝑔𝑔

1
√
𝑎𝑎|∇𝑧𝑧|

 (57)
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or equivalently:

0 = ���

�

(

|∇�|cos2(�)
�

)

+ �3∕2
�

(

∇2�
√

�|∇�|

)

+
ℎ�
√

��

(

1
√

�|∇�|

)

− 1 (58)

We call this expression the Hydromorphic Balance. It describes a fundamental relationship between steepness, 
curvature, and topographic index that emerges from the governing equations. Using the same nondimensionali-
zation as previously, Equation 58 can be rewritten as:

0 = 𝛾𝛾
𝑎𝑎′

∇′𝑧𝑧′cos2(𝜃𝜃)
+

∇
′2𝑧𝑧′

√
𝑎𝑎′|∇′𝑧𝑧′|

+
1

√
𝑎𝑎′|∇′𝑧𝑧′|

− 1 (59)

This relationship is the expanded equivalent of the linear relationship between steepness and curvature shown 
in the NoHyd model case, where an additional dimension, the modified topographic index, is needed to capture 
the effects of runoff generation from saturation excess overland flow. Figure 12 shows the hydromorphic balance 
relationship (transparent gray surface) and modeled topography (points colored by Q*) for three cases: the NoHyd 
model case (A), a low drainage capacity case (B), and a high drainage capacity case (C). Recall that the NoHyd 
model effectively has a drainage capacity of zero, as all precipitation becomes surface runoff. We plot the log of 
the modified topographic index to improve readability of the figure and to be consistent with the conventional 
definition of topographic index (Beven & Kirkby, 1979). In the NoHyd case, all points fall on a plane that col-
lapses to a line in steepness and curvature space. At higher subsurface capacity, places with lower topographic 
index (places less likely to contribute runoff) have lower curvature, as predicted by the Hydromorphic Balance. 
Locations where there is no surface runoff (Q* = 0) do not fall on the surface, as the Hydromorphic Balance was 
only derived for locations where Q* > 0.

Figure 10. Planform view topographic index (left) and topographic index-Q* relationship for selected model runs, with run number corresponding to hillshades in 
Figure 4. Coloring in the right panel reveals that curvature explains variation in Q* at a given topographic index.
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While there may be limitations to the application of the Hydromorphic Balance for quantitative terrain analysis 
(for example, estimating the transmissivity bks, which appears as a coefficient in Equation 58), it nonetheless 
has explanatory power for topography observed in our numerical simulations. Careful application to real data 
sets could provide evidence supporting the importance of subsurface flow processes for runoff generation and 
landscape evolution.

6.3. Emergent Hillslope Length

It is visually apparent in our results that emergent length scales of the ridge-valley topography increase with 
drainage capacity. This can be quantified by measuring and comparing the average hillslope length Lh across the 
parameter space. Here, we define Lh as the mean distance from hillslope points to the nearest channel. This is 
inversely proportional to twice the drainage density, where drainage density is calculated with the method de-
scribed by Tucker et al. (2001). Hillslope length is of particular interest in the context of hydraulic groundwater 
theory, where it is an important control on both hillslope storage and characteristic response time (Harman & 
Sivapalan, 2009; Troch et al., 2003). In order to determine hillslope length, channel locations must be delimited. 
While it is common to use threshold values of steepness index to identify channels (e.g., Tucker et al., 2001), this 
implicitly assumes a relationship between steepness and incision, which is not necessarily the case in our model. 
Instead, we identify channels as points with positive Laplacian curvature (∇2z > 0), where fluvial incision is the 
dominant geomorphic process.

We can use the hydromorphic balance to predict the scaling relationship between hillslope length and the drainage 
capacity γ. We begin with the Hydrologic and Geomorphic Balance expressions, Equations 56 and 48. This time, 
rather than combining to eliminate Q* as we did previously, we can combine to eliminate the topographic gradi-
ent |∇z|. Since we have defined channels as places where ∇2z > 0, channel heads can be defined as places where 
∇2z = 0. We can apply the latter condition to the Geomorphic Balance to obtain an expression for the critical up-
slope area per contour width ac at channel heads. We cannot eliminate all instances of the gradient in the Hydro-
morphic Balance, as it is present in the term cos(θ) = cos(arctan |∇′z′hg/ℓg|). Here we will make the assumption 
that the dimensionless gradient in this term is equal to one at channel heads, such that cos(θ) ≈ cos(arctan(α)). 

Figure 11. (a) Geomorphic balance from Equation 48, plotting Q* against the right hand side (RHS) of the equation. Subplots correspond to the same model runs as in 
4. (b) Hydrologic balance from Equation 56, plotting Q* against the right hand side of the equation.
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If θ is similar at channel heads across our parameter space, this assumption 
should only affect the coefficient scaling γ and hillslope length. We must 
also choose a value for Q* in order to find a solution for both the Hydrologic 
balance and Geomorphic Balance, as we have not eliminated it in this case. 
Our results show that Q* can vary substantially at locations of zero Laplacian 
curvature (not shown), but here we will introduce a constant characteristic 
value 𝐴𝐴 𝐴𝐴∗

𝑐𝑐 for the purposes of finding a solution. Applying these conditions, 
we find that the Hydromorphic Balance gives an expression for the area per 
contour width at channel heads ac:

��
��

=
(

�∕�∗
�
2

1 + �2

)2∕3
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or, expanding out the definitions of hg and lg, we can solve for the critical area 
at channel heads, Ac = acv0:
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 (62)

where 𝐴𝐴 ℎ̂𝑔𝑔 is the inverse sum of two vertical length scales defined by the geo-
morphic variables:
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 (63)

The scaling confirms our previous observations that increasing the drainage 
capacity γ leads to greater spacing between channels, and therefore larger 
source areas at channel heads. Intuitively, this suggests that the landscape is 
less dissected when more flow drains through the subsurface. The expanded 
relationship shows a similar story: increasing v0bks leads to larger contribut-
ing areas at channel heads, while increasing recharge rate p or effectiveness 
of fluvial incision relative to uplift lead to smaller contributing areas at chan-
nel heads. From here we further assume that the hillslope length at channel 
heads is proportional to the area per contour width, and thus Lh/ℓg ∼ γ2/3. 
Despite the crudeness of this estimate, Figure 13 shows that this scaling is in 
agreement with the model results when γ > 1. Figure S7 in Supporting Infor-
mation S1 shows that hillslope length does scale linearly with critical area per 
contour width. Additionally, Figure S8 in Supporting Information S1 shows 
an equivalent to Figure 13 which confirms the scaling with γ using an alterna-
tive metric that is very close to the definition of ac used in the analysis here.

7. Discussion
7.1. Hydrogeomorphic Coevolution

The results presented here constitute one possible way that landscape history can be used to understand current 
hydrological processes by quantifying the coevolution of hydrological processes with landscape form (Harman 
& Troch, 2014; Troch et al., 2015). Prior research using coevolution to understand hydrological flow paths and 
processes focused on evolving subsurface properties. Jefferson et al. (2010) and Yoshida and Troch (2016) ex-
plore how flow paths evolve on constructional basaltic terrains, where porous young terrains tend to be highly 
permeable and drain flow vertically, while chemical weathering of basalt tends to progressively block flow paths 
with clays, leading to increased prevalence of lateral flow on older terrains. Both studies use space-for-time sub-

Figure 12. Plots of the manifold (gray) defined in Equation 59 and 
topography colored by Q* showing how the form of the solution varies with 
γ. Both (b and c) have Hi = 5.0. The inset figures show the same results 
rotated 30° to emphasize how the solution compares to the steepness-curvature 
relationship.
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stitution to explore temporal changes in drainage density, but find contradictory trends, suggesting that underly-
ing processes of drainage and erosion are still not well enough understood in these landscapes. In contrast, recent 
work in denudational landscapes has focused on coevolution of subsurface flow paths and subsurface structure 
through the propagation of weathering fronts, in which porosity and permeability tend to increase as reactions 
take place and weathering products are removed (Brantley, Lebedeva, et al., 2017; Harman & Cosans, 2019; 
Harman & Kim, 2019). In these studies, continuous incision of streams is often used as a boundary condition 
to which hillslopes respond. In this study, we took a complementary approach, enforcing constant permeable 
thickness, hydraulic conductivity, and porosity, while exploring surface geomorphic evolution. We found that 
subsurface flow plays a critical role in setting hillslope length, which may in turn affect the hydraulic gradients 
and flow rates that affect subsurface weathering processes. Approaches focused on surface and subsurface may 
be unified to formulate more general theories of the evolution of denudational landscapes that could provide new 
insights or constraints on critical zone evolution hypotheses (Riebe et al., 2017).

7.2. Drainage Density, Lithology, and Transmissivity

One of the predictions of our model is a scaling relationship between subsurface drainage capacity and chan-
nel head contributing area per contour width, which should be comparable to a scaling relationship between 
transmissivity and hillslope length or drainage density. Linking drainage density to hydrological processes has 
long proven difficult. Early work on this topic by Carlston  (1963) suggested an inverse relationship between 
drainage density and transmissivity, in agreement with what we observe in our numerical and analytical results. 
Carlston (1963) presented a negative correlation between drainage density and average baseflow for 13 humid 
climate watersheds as evidence of this relationship, though Dingman (1978) correctly argued that there is little 
physical basis to assume that mean baseflow scales with transmissivity. Challenges in estimating landscape scale 
transmissivity were clearly the limiting factor in this study, and they remain such today.

In other cases, factors not related to permeability may affect observed relationships. As mentioned previous-
ly, Jefferson et al. (2010) and Yoshida and Troch (2016) examined relationships between drainage density and 
age in basaltic landscapes, where permeability is expected to decrease and drainage density to increase with 
time. They found contradictory trends in drainage density with age, despite the fact that both studies found that 

Figure 13. Hillslope length Lh increases with increasing γ. For a value of γ and α, Lh increases with decreasing Hi. Similarly, 
for a given value of γ and Hi, Lh increases with decreasing α. Gray lines with varying coefficients c show that the hillslope 
length scales approximately as γ2/3 for γ > 1, which we derive from the Hydromorphic Balance.
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older, less permeable watersheds had the expected flashier, less subsurface-dominated runoff response. Other 
non-hydrological factors may be playing a larger role in controlling drainage density in certain sites. Recent stud-
ies using large sample sizes and high-resolution topography have examined relationships between drainage den-
sity and broad ranges of environmental controls, and have again come to disagreement. Sangireddy et al. (2016) 
concluded that lithology has no significant effect on drainage density among the 101 sites they examined. Mean-
while, Luo et al. (2016) examined drainage density across the contiguous United States and concluded that li-
thology is the dominant control in most regions other than coastal plains. While Luo et al. (2016) also examined 
hydraulic conductivity as a potential control on drainage density, finding it to be the dominant control in one 
small area in the interior of the United States, the data set used was itself derived from lithology and grain size 
data (Gleeson et al., 2014). Largely unknown covariation of many geomorphic and hydrologic properties with 
lithology is likely a source of uncertainty in the opposing trends observed in the previously mentioned studies. 
Consider, for example, how hydraulic conductivity of soils on a certain lithology covaries with hillslope transport 
rates, or bedrock erodibility. Untangling these covariations would be a useful research direction for continued 
understanding of landscape-hydrology coevolution.

Here we have examined the influence of subsurface hydrological conditions relative to climate (through γ and Hi) 
on topography in detail. The significance of this model is not that it accurately predicts the dynamics in a particu-
lar place, but that it captures the essence of a particular interaction between topography and subsurface properties 
via subsurface-driven runoff generation. With better data sets to help us understand the variation of subsurface 
properties in space, and covariation of hydrologic and geomorphic properties with lithology, we may use the 
information generated here to understand how the effects we have exposed here are manifested in real landscapes.

7.3. Scaling and Typology of Landscapes

Our similarity approach expands upon the analysis of Theodoratos et al. (2018) and Bonetti et al. (2020). The analysis 
conducted by Theodoratos et al. (2018) showed that by selecting appropriate length and time scales, a standard form 
of the streampower-linear diffusion LEM—which uses A rather than a and does not consider an incision threshold or 
runoff coefficient—was parameterless, and thus had only a single landscape typology—assessed on the basis of topog-
raphy—that could be rescaled to obtain every result the model could produce. As pointed out by Bonetti et al. (2020), 
the streampower-linear diffusion LEM does have an additional parameter, which is unaccounted for in Theodoratos 
et al. (2018) because the authors do not expose the differential equation that defines the upslope area per contour width. 
With this equation expressed, Bonetti et al. (2020) develop a nondimensionalization where one parameter remains, 
similar to the Peclet number that appears in Perron et al. (2008). Our analysis of the streampower-linear diffusion LEM 
(called the NoHyd model here) shows that a parameterless set of equations can still be obtained from the governing 
equations when accounting for the upslope area differential equation. We show that, contrary to Bonetti et al. (2020), 
there is a single typology for the NoHyd model, which can be rescaled to obtain all results the model may produce.

We develop the scaling analysis further by including the effects of runoff generated from shallow unconfined 
groundwater flow. This introduces four dimensionless parameters, of which three are important for the emergent 
topography. With this model, there is no longer a single landscape typology, but variation in form dependent on 
how flow is partitioned between surface and subsurface γ, the degree to which topography drives groundwater 
flow Hi, and the landscape gradient generated by underlying geomorphic processes α.

Other typologies are certainly obtainable through the addition of other geomorphic or hydrologic processes, in-
cluding a fluvial incision threshold (Theodoratos & Kirchner, 2020a). While at first it may appear that our runoff 
generation factor Q* should have a similar effect—and consequently produce a similar typology—to a fluvial 
incision threshold, this is not the case, as their dependence on topographic slope is opposite. A given threshold 
for surface water erosion is more likely to be exceeded when topographic gradient is steeper, because the flow 
will tend to exert a higher tractive stress on the surface. However, surface water flow should be less likely to occur 
on steeper slopes, as hydraulic gradients in shallow aquifers will increase, increasing subsurface flow capacity. 
Consequently, fluvial incision threshold and runoff generation thresholds should produce different characteristic 
typologies in topography. The model we present here is unique in that it expresses feedbacks between hydrologic 
and geomorphic processes, which consequently link landscape typology to hydrologic function. While we have 
limited our consideration in this study to only the most basic of geomorphic processes, the scaling framework pre-
sented here could be readily expanded to include other processes should they be necessary to capture a particular 
environment or hydrogeomorphic feedback.
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7.4. Characteristic Contour Width and Valley Transmissivity

We first introduced the concept of a characteristic contour width v0 in order to write the channel scaling relation-
ship (Equation 7) in terms of upslope area per contour width a rather than upslope area A. This proved useful 
in subsequent scaling analyses, where we developed a new parameterless scaling of the governing geomorphic 
equations that is only possible because we have accounted for v0 in our definitions of the geomorphic length, 
height, and timescales ℓg, hg, and tg. We noted previously there that we are free to choose a value of v0, as there 
will always be a corresponding value of kw to satisfy the relationship between w and a. What then is a physically 
meaningful characteristic contour width, and how would we identify it outside of the context of a landscape evo-
lution model? One possible explanation appears in the hydromorphic balance Equation 62 for the upslope area 
at channel heads, Ac. Here the characteristic contour width appears in the numerator v0bks, which is effectively 
the transmissivity integrated across a characteristic contour width. This integrated transmissivity is particularly 
important at channel heads, where relative magnitudes of surface and subsurface flow are similar. Upstream of 
the channel head, the contour width is less important, as topographic features do not constrict groundwater flow 
to a fixed width. Further downstream from the channel head, groundwater flow is constricted by the valley width, 
but most of the discharge will be transmitted as surface water rather than groundwater. Because Ac scales with v0 
just as it does with the transmissivity bks, v0 plays a critical role in determining the extent of landscape dissection, 
as increasing channel head source areas increases the distance from channels to ridges. In landscapes similar to 
those modeled here, we suggest that the characteristic contour width is best thought of as characteristic channel 
head width, and that more attention should be paid to this factor in field investigations.

7.5. Landscape Complexity

In developing this first systematic exploration of the effects of subsurface flow on steady-state landscape form, we have 
neglected the complexity of landscape processes and heterogeneity of landscape properties in favor of an approach with 
a tractable number of parameters so that we can explore the diversity of behaviors it can produce. However, it is likely 
that processes and heterogeneity not captured here have significant impacts on landscape form. Subsurface properties 
are not only heterogeneous, but spatially organized, including systematic variations in permeability with depth through 
soil and weathered bedrock and along hillslope catenas (Lohse & Dietrich, 2005). The scope of runoff generation 
processes we have examined is also limited, as we have not considered infiltration excess overland flow, nor other 
erosional processes that are linked to shallow groundwater, including seepage erosion (Abrams et al., 2009; Laity & 
Malin, 1985) and landsliding driven by excess pore water pressure (Montgomery & Dietrich, 1994). Likewise, ecolog-
ical processes may act on the environment in ways that cannot be captured by the processes and parameters included 
here. For example, feedback between depth to water table and tree growth may affect spatial patterns of hillslope and 
fluvial sediment transport, as trees anchor sediment with roots, displace sediment through treethrow, or encourage soil 
production (Brantley, Eissenstat, et al., 2017; Gabet & Mudd, 2010).

7.6. Steady-State Topography

In this study we have focused on evaluating landscapes near topographic steady state in order to understand the emer-
gent relationships between topography and hydrology generated by these governing equations. This is a powerful 
method employed in landscape evolution modeling studies to understand the form toward which landscapes will evolve 
(e.g., Perron et al., 2008; Theodoratos et al., 2018). In the model we have used here, however, times to steady state are 
long (millions to tens of millions of years) compared to real timescales of variability in climate and baselevel change. 
For this reason, transience, at least in some portions of the landscape, is likely the norm in real landscapes with similar 
dominant processes to those modeled here (Whipple, 2001). On the other hand, nonlinear models of hillslope diffusion 
show substantially shorter times to steady state (Roering et al., 2001), which may be important when hillslopes are the 
limiting factor in reaching topographic steady state. Further investigation could focus on transient responses the model 
considered here, which may provide insights into a wider range of humid landscapes.

7.7. Steady Recharge

In this model, we have shown that runoff generation from shallow groundwater driven by steady recharge has 
a strong effect on emergent landscape properties. With increasing γ, we found that the hydrological function of 
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the landscape was increasingly binary: channels have surface runoff nearly equal to the recharge rate integrated 
over the area upslope, while hillslopes do not contribute surface runoff at all. While this may be characteristic 
of some landscapes where saturated areas are more or less constant in time, in many places, saturated areas 
and wetted channels expand and contract in response to the arrival of storm events or snow melt (Antonelli 
et al., 2020; Dunne & Black, 1970; Nippgen et al., 2015). Furthermore, antecedent wetness plays an important 
role in determining the hydrological response to precipitation (Longobardi et al., 2003; O’Loughlin, 1981). As 
fluvial sediment transport in our model is proportional to runoff Q*, we expect that precipitation variability and 
subsurface water storage would affect sediment transport, ultimately affecting the landscape form as well. Previ-
ous studies have shown that landscape form and channel profiles have are sensitive to variability in precipitation 
or discharge, depending on factors including the presence of erosion thresholds and the nonlinearity of the fluvial 
incision model (Deal et al., 2018; Lague et al., 2005; Tucker, 2004). In a future contribution, we will extend the 
theoretical framework used here to incorporate stochastic precipitation, allowing us to explore the emergence of 
hydrogeomorphic features such as runoff variable source areas.

8. Conclusion
Here we have coupled a model of shallow groundwater flow with a model of denudational landscape evolution, 
and have shown the first results of such a model at topographic steady state. The shallow aquifer model uses the 
Dupuit-Forcheimer assumptions to generate lateral groundwater flow and surface water discharge from ground-
water return flow and precipitation on saturated areas. The topography evolves due to fluvial incision by runoff 
generated by the groundwater model, linear hillslope diffusion, and a constant rate of uplift. We use a novel scal-
ing analysis to guide our numerical simulations, and find that the subsurface drainage capacity relative to climate 
plays a critical role in setting topographic properties including hillslope length. We showed that the linear rela-
tionship between steepness and Laplacian curvature that emerges from the simple streampower incision-linear 
diffusion LEM bifurcates with increasing subsurface drainage capacity: saturated areas tend toward the linear 
relationship between steepness and curvature, while unsaturated hillslopes maintain constant negative curvature 
regardless of steepness. By combinging the steady-state solutions of the hydrological and geomorphic models, 
we find that all locations contributing runoff lie near a manifold that relates steepness, Laplacian curvature, and 
topographic index. This contrasts with the simpler linear relationship between steepness and Laplacian curvature 
that is found in the absence of runoff generation from the shallow subsurface. A complementary analysis of the 
governing equations at steady state showed that hillslope length should scale with the subsurface drainage capac-
ity, and therefore the transmissivity, to the power 2/3. This was supported by our numerical results for sufficiently 
large subsurface drainage capacities. Links between landscape form and hydrologic function have been long 
sought-after in hydrology. By analyzing these interactions in an idealized model framework, we have demonstrat-
ed the potential for subsurface hydrologic properties to profoundly influence surface morphology. However, it 
remains extremely challenging to test whether the predictions of this model are (in detail) representative of real 
landscapes.

Appendix A: DupuitLEM Dimensionless Equations From Symmetry Groups
Here we extend the scaling analysis applied to the NoHyd model to include the governing hydrological equations 
in DupuitLEM. Because the hydrological model is linked to the geomorphic model through Q*, the set of trans-
formations used for the geomorphic equations above is not necessarily applicable to DupuitLEM. In addition to 
the characteristic scales ℓg, hg, and tg used for the NoHyd model, we will introduce two scales particularly relevant 
to hydrological processes: a characteristic aquifer thickness ha and a characteristic aquifer drainage time td. First 
we derive these quantities. A simple steady-state mass balance of water in a 1D hillslope with length ℓg, relief hg, 
recharge rate p, and hydraulic conductivity ks gives:

𝑝𝑝𝓁𝓁𝑔𝑔 = ℎ𝑎𝑎𝑘𝑘𝑠𝑠ℎ𝑔𝑔∕𝓁𝓁𝑔𝑔. (A1)

assuming all flow leaves downslope through the subsurface. It is worth noting that because topography and 
hydrology evolve together in our model, we do not know what the actual mean hillslope length and relief will 
be. Nonetheless, incorporating hg and ℓg as characteristic hillslope scales allows us to capture some dependence 
of emergent topographic properties on underlying geomorphic processes. The characteristic drainage time for a 
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shallow aquifer can be derived from Harman and Sivapalan (2009, their Equation 6), which likewise describes 
the drainage of an aquifer with characteristic length and relief with drainable porosity ne:

𝑡𝑡𝑑𝑑 =
𝓁𝓁𝑔𝑔𝑛𝑛𝑒𝑒

𝑘𝑘𝑠𝑠sin𝜃𝜃
 (A2)

Making the approximation   sin(θ) ∼ hg/ℓg, the resulting characteristic scales are:

ℎ𝑎𝑎 =
𝑝𝑝𝓁𝓁𝑔𝑔

𝑘𝑘𝑠𝑠ℎ𝑔𝑔∕𝓁𝓁𝑔𝑔

 (A3)

𝑡𝑡𝑑𝑑 =
𝓁𝓁𝑔𝑔𝑛𝑛𝑒𝑒

𝑘𝑘𝑠𝑠ℎ𝑔𝑔∕𝓁𝓁𝑔𝑔

 (A4)

In addition to the recast landscape evolution model in Equations 20 and 21, we add those of the hydrological 
model, replacing parameters with equivalent combinations of the characteristic scales:
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Here we have expanded the aquifer base angle θ = arctan |∇zb| = arctan |∇z|, as constant permeable thickness 
implies that the aquifer base gradient is equal to the topographic gradient. As with the scaling analysis in Equa-
tions 20 and 21, we can look for sets of transformations under which the equations are invariant. The symmetry 
group for the time dimension shown in Equation 28 will apply as before. However we cannot separately transform 
the vertical and horizontal length scales in the hydrologic equations. This is because we cannot cancel a scaling 
factor on ∇ in the cosine term of Equation A6 without scaling z as well, and vice versa. As a result, horizontal and 
vertical dimensions must be transformed together, leaving only two symmetry groups that produce invariance:

{� → ��, �� → ���, �� → ���}
{

� → ��, � → ��, � → ��, � → �2�, �� → ���,

� → ��, � → ��, ℎ → �ℎ, ℎ� → �ℎ�, ℎ� → �ℎ�, � → ��}

 (A9)

Again, we can choose particular values for scaling factors c and apply the transformations in the symmetry groups 
in search of a form that eliminates or consolidates the characteristic scales. We will first apply the time symmetry 
group, choosing c = 1/(tgtd). This is equivalent to applying the transformations in the group twice, once with 
c = 1/tg and again with c = 1/td. We will then apply the second group, choosing c = 1/(ℓghgha). Likewise, this 
is equivalent to applying it three times with each of the three factors in the denominator. Applying these scales, 
we obtain the dimensionless form of the hydrological equations, presented in the main text (Equations 35–40).

Appendix B: Scaling Analysis in Special Cases
The governing hydrological equations account for the effects of gradients in aquifer thickness and gradients in 
aquifer base elevation in driving groundwater flow. These equations can be simplified under conditions where 
one gradient is more important than the other, reducing the constraints on our symmetry groups. Suppose that 
topographic gradients are generally insignificant, and groundwater flow is driven by gradients in aquifer thick-
ness (∇h ≫ ∇z). In this case, the expression for groundwater specific-discharge changes, as we can approximate 
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cos θ ≈ 1 and ∇z ≈ 0 for the purposes of groundwater flow. Then the governing equations are the same except 
for q:

𝑞𝑞

𝑝𝑝
= −ℎ

𝓁𝓁
2

𝑔𝑔

ℎ𝑔𝑔ℎ𝑎𝑎

∇ℎ (B1)

In this case, because the cosine term does not appear, ℓg and hg need not be scaled together, as discussed in 
Appendix A. There are now three transformations that maintain symmetry. Namely we no longer need to scale 
horizontal and vertical dimensions together, but we do need scale to aquifer thickness h with the vertical scales in 
order to maintain consistency in the groundwater specific-discharge equation.

{𝑡𝑡 → 𝑐𝑐𝑡𝑡𝑐 𝑡𝑡𝑔𝑔 → 𝑐𝑐𝑡𝑡𝑔𝑔𝑐 𝑡𝑡𝑑𝑑 → 𝑐𝑐𝑡𝑡𝑑𝑑}

{ℎ → 𝑐𝑐ℎ𝑐 ℎ𝑎𝑎 → 𝑐𝑐ℎ𝑎𝑎𝑐 𝑏𝑏 → 𝑐𝑐𝑏𝑏𝑐 𝑐𝑐 → 𝑐𝑐𝑐𝑐𝑐 ℎ𝑔𝑔 → 𝑐𝑐ℎ𝑔𝑔}

{
𝑥𝑥 → 𝑐𝑐𝑥𝑥𝑐 𝑐𝑐 → 𝑐𝑐𝑐𝑐𝑐 𝑎𝑎 → 𝑐𝑐𝑎𝑎𝑐 𝑐𝑐 → 𝑐𝑐2𝑐𝑐𝑐 𝐴𝐴𝑔𝑔 → 𝑐𝑐𝐴𝐴𝑔𝑔𝑐 𝑞𝑞 → 𝑐𝑐𝑞𝑞

}

 (B2)

Noting the similarities with the transformation of the full DupuitLEM equations, we select the scales c = 1/(tgtd), 
c = 1/(hahg), and c = 1/ℓg respectively. We arrive at a rescaled set of governing equations for the case in which 
flow is primarily driven by gradients in aquifer thickness. The result is the same as Equations 35–40, except that 
the equation for q′ (Equation 38) has changed to

𝑞𝑞′ = −ℎ′ ∇
′ℎ′

Hi
. (B3)

Under these conditions, the hillslope number Hi = hg/ha still appears in the groundwater specific-discharge ex-
pression, while the characteristic gradient α = hg/ℓg no longer appears. This suggests that as Hi becomes small, 
the sensitivity to Hi does not decrease, but sensitivity to α does decrease. Small Hi indicates that water-table 
gradients are more important than topographic gradients in driving flow. As α is an indicator of topographic 
gradients, it is appropriate that it should diminish in importance when Hi is small.

Conversely, suppose that relief is generally large in comparison to aquifer thickness, hg ≫ ha, in which case 
the hillslope number Hi ≫ 1. Consequently, topographic gradients rather than aquifer thickness gradients tend 
to drive groundwater flow. In this case we neglect ∇h, altering the groundwater specific-discharge expression 
(Equation A6) to

𝑞𝑞

𝑝𝑝
= −ℎcos2(arctan|∇𝑧𝑧|)

𝓁𝓁
2

𝑔𝑔

ℎ𝑔𝑔ℎ𝑎𝑎

∇𝑧𝑧𝑧 (B4)

Applying our symmetry method as before, we find that ℓg and hg must still be scaled together. However, this time, 
aquifer thickness h need not be scaled with these simultaneously in order to obtain a consistent set of equations. 
Instead, there are now three sets of transformations that comprise the symmetry:

{𝑡𝑡 → 𝑐𝑐𝑡𝑡𝑐 𝑡𝑡𝑔𝑔 → 𝑐𝑐𝑡𝑡𝑔𝑔𝑐 𝑡𝑡𝑑𝑑 → 𝑐𝑐𝑡𝑡𝑑𝑑}

{ℎ → 𝑐𝑐ℎ𝑐 ℎ𝑎𝑎 → 𝑐𝑐ℎ𝑎𝑎𝑐 𝑏𝑏 → 𝑐𝑐𝑏𝑏}

{
𝑥𝑥 → 𝑐𝑐𝑥𝑥𝑐 𝑐𝑐 → 𝑐𝑐𝑐𝑐𝑐 𝑎𝑎 → 𝑐𝑐𝑎𝑎𝑐 𝑐𝑐 → 𝑐𝑐2𝑐𝑐𝑐 𝐴𝐴𝑔𝑔 → 𝑐𝑐𝐴𝐴𝑔𝑔𝑐

𝑞𝑞 → 𝑐𝑐𝑞𝑞𝑐 𝑐𝑐 → 𝑐𝑐𝑐𝑐𝑐 ℎ𝑔𝑔 → 𝑐𝑐ℎ𝑔𝑔}

 (B5)

Implementing the three transformations above with c = 1/(tgtd), c = 1/ha, and c = 1/(hgℓg) respectively, we arrive 
at a rescaled set of governing equations that are the same as those found in Equations 35–40, only again with an 
altered expression for q′:

𝑞𝑞′ = −ℎ′
cos

2
(arctan|∇′𝑧𝑧′ℎ𝑔𝑔∕𝓁𝓁𝑔𝑔|)∇

′𝑧𝑧′ (B6)
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Here the hillslope number Hi no longer appears in the equation. This suggests that the solution to the full govern-
ing equations should be independent of Hi when Hi is large. This makes sense in the context of Equation 38, as 
1/Hi multiplies the gradient in aquifer thickness, which should be small relative to topographic gradients when 
Hi is large.

Notation
Variable definitions are below, with dimensions length L, time T, and mass M. Prime always indicates the dimen-
sionless equivalent, where dimensionless equivalents are defined in the text.

Variable Name Dimension

x, y Horizontal coordinates L

T Time T

z(x, y) Topographic elevation L

h(x, y) Aquifer thickness L

A(x, y) Area upslope L2

a(x, y) Area upslope per unit contour width L

θ(x, y) Aquifer base slope angle rad

hg Characteristic geomorphic height scale L

ℓg Characteristic geomorphic length scale L

tg Characteristic geomorphic time scale T

ha Characteristic aquifer thickness L

td Characteristic time to drain aquifer storage T

δ Timescale factor −

α Characteristic gradient −

γ Drainage capacity −

Hi Hillslope number −

Ef Fluvial incision rate L/T

Eh Hillslope diffusion rate L/T

U Uplift rate L/T

K Streampower incision coefficient 1/T

m Streampower area exponent −

n Streampower slope exponent −

v0 Characteristic contour width L

τ Bed shear stress M/LT2

τc Critical bed shear stress M/LT2

ke Erosivity coefficient M−βL1+βT2β−1

β Shear stress exponent −

ρw Density of water M/L3

g Acceleration due to gravity L/T2

df Channel flow depth L

C Chezy coefficient L1/2/T

w Channel width L
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Data Availability Statement
No original data is presented in this paper. Model output has been archived at doi.org/10.5281/zenodo.5523187. 
The Python package DupuitLEM v1.0 (Litwin et al., 2021) contains the models and scripts used to generate out-
put, post-process output, and create figures presented here. Landlab v2.0 (Hutton et al., 2020) is a core dependen-
cy of DupuitLEM, while NumPy (Harris et al., 2020), Pandas (Pandas Development Team, 2020), and Matplotlib 
(Hunter, 2007) were used for additional analysis and visualization. The complete list of input parameter values 
can be found in Table S1 of Supporting Information S1. Simulations were carried out at the Maryland Advanced 
Research Computing Center (marcc.jhu.edu) funded by the state of Maryland.
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